The steady-state temperature distribution in typical cylindrical high-pressure furnaces has been computed from analytic solutions for various boundary conditions. Either the temperature variation along the cylindrical heater or the power dissipation per unit length is prescribed. The results are tabulated and discussed as an aid in the design of high-pressure furnaces and in the estimation of temperature gradients. Topics considered include: (1) the reduction of temperature gradients around the center of the furnace, (2) the effect of temperature irregularities along the heater, and (3) the effect of the relative thermal conductivity of neighboring components.
Introduction
Activity in high-temperature, high-pressure research has greatly increased in recent years. Such work is of both scientific and technological importance and significantly extends our knowledge of the phase diagrams and equations of state of the solids and liquids studied . In the design of experiments and in the detailed interpretation of results, the accuracy and uniformity of the temperature and pressure require careful attention. This paper deals with the computation of the temperature distribution in cylindrical furnaces of the type characteristic of static high-pressure apparatus. Since the pressure does not appear explicitly in the computation, the results are equally applicable to furnaces at any pressure if the geometry and the boundary conditions assumed in this paper are a suitable approximation to the actual physical conditions.
Several problems arise in the maintenance and measurement of high temperatures in high-pressure media. The small size of the pressurized region within a massive metal apparatus restricts the size of the furnace components and thus limits the amount of thermal insulation that separates the sample from the heater and from the surroundings. As a result there may be a large flux of heat across the sample with correspondingly large temperatu re gradients. Temperature irregularities along the heater may cause additional gradients across the sample. Temperatures in high-pressure furnaces are usually measured with thermocouples. Pressure modifies the temperature-emf relationship of a thermocouple by as much as an estimated 5 to 10 percent under experi mental conditions [1, 2] .1 Because of the temperature and pressure gradi- This paper grew out of our interest in designing a highpressure furna ce in which temperature gradients across the sample would be both small and well-known-for
example, known to within 0.1 percent of the diff,erence between the highest temperature in the furnace and the temperature of the surrounding metal apparatus. A survey of the literature indicated that the kind of detailed temperature distribution data needed in the design of such a furnace was not available. Because of the various difficulties in the determination of this sort of data by experimental trial and error for different furnace designs, we chose, instead, to compute the temperature distribution for several alternative conditions. Most high.pressure furna ce designs can be described by one or a combination of these conditions.
In the present work the steady-state temperature distribution in typical cylindrical high-pressure furnaces has been computed from analytic solutions for various boundary conditions_ A schematic diagram of such a typical furnace is shown in figure 1 , in which a cylindrical heater of negligible thickness, radius a, and length I is located between opposed pistons in a massive metal apparatus. Either the temperature variation along the cylindrical heater or the power dissipation per unit length is prescribed. Perfect thermal contact is assumed at all boundaries because of the intimate contact created by the high pressure. Angular symmetry and homogeneous, isotropic materials are also assumed throughout this paper.
General Solution for a Prescribed Surface Temperature Variation
Consider a simple cylinder, 0 L r < a, 0 < z < I, with a prescribed temperature fez) along the cylindrical surface at r = a and a constant temperature, taken as zero for convenience, over the end surfaces. The temperature potential v(r,z) within the cy linder, measured from the temperature at either end, is given by Carslaw and Jaeger [4J as
where 10 (x) is the modified Bessel function of the first kind of zero order. We now consider the application of eq (l) for several explicit surface temperature variations.
2.1_ Parabolic Surface Temperature
For typical furnaces with a smooth temperature variation along the heater from a hot middle to cooler ends, the surface temperature may be approximated by a parabolic function f(z) = A-(Bz _C)2_ (2) By requiring fez) to be zero at z = 0 and z = I, we obtain A = C 2 , B = 2CIl, and fez) =2BCz _B 2 z 2 = (4 C 2 z/l) (1 -z/l) . (3) After performing the integration in eq (1), we have
where C is an arbitrary scaling factor. The temperature potential within cylindrical furnaces for the particular geometrical conditions I = 8a and I = 16ais .. shown in table 1 and table 2, respectively. Since the furnaces are symmetric about the midplane, zll = 0.50, the tables show the potential explicitly for only half the furnace. The computed potential is scaled so that its value in the midplane at ri a = l.0, the middle of the heater, is unity. .0000 .0000 .0000
.0000 I .0000
The temperature potential v (r,z) at any point within the cylindrical furnace is very simply related to the actual temperature T (r,z ) at that point by the equation
where T(r,O) is the reference temperature over the ends of the furnace and T (a,l/2) is the temperature at the middle of the heater. If, for example, the middle of the heater is 1000 °C hotter than the ends of the furnace, table 1 shows that the cylindrical midpoint, ria = 0.0 and zll = 0.50, is 968.8 °e hotter than the ends of the furnace. If the temperature over the ends of the furnace is 100 °e, the temperature at these other locations becomes noD °C and 1068.8 °C, respectively. Table 1 shows that the temperature potential in the midplane at ria = 0.0, the cylindrical midpoint, is approximately 3 percent less than that at ria = 1.0, the middle of the heater, and 2 percent less than that at ria = 0.8.
In terms of the preceding example, these potential differences represent temperature differences of approximately 30 and 20°C. The longitudinal variation from zll = 0.50 to 0.45 at any radius is 1 percent. The cylindrical midpoint is a saddle point at which the radial temperature gradi ent is positive and the long iludinal gradient is negative. For the more elongated furnace of table 2 the potential at the cylindrical midpoint is only 0.8 percent less than that at the middl e of th e h eater and 0.5 percent less than lhat at ri a = 0.8, zl l = 0.50. The longitudinal variation from z/l = 0.50 to 0.45 is still 1 percent, of course, although relative to the radius, the corresponding longitudinal displacement is twice as long as in table 1.
.2. Generalized Parabolic Surface Temperature With a Constant Central Section
In practice the small size of the pressurized region r estricts the opportunity for elongation of the furnace in order to reduce the temperature gradients around its center. Another way to reduce these gradients is to supply extra heat near the ends of the furnace to compensate for the large losses to the surroundings and thus maintain a substantially constant temperature about the middle of the heater. To represent this section of constant temperature, we generalize the preceding problem by sp litting the parabola at its midpoint and inserting a horizontal line segment lhere. Since the maximum value of f ez) is C2, whi ch occurs at z = CI B, we obtain
= 2BC(I-z )-B 2(I_z)2 , l-CI B < z < I.
After substiluting in eq (1) and performing the integration, we have
When CI B = 1/ 2, eq (5 ) reduces to eq (3) and eq (6) r educes to eq 14) _ sin ce cos 117r/ 2 va ni shes for od d n and 1 -cos n71" vani shes for eve n n. Th e tempe rature potential within cylindri cal furnaces for which 1= 8a is shown in 
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The T cmperature irregul arities exist a lon g r ea l heaters. A detail ed model of th e irregularili es in an aC lual furnace would grea tly increase th c compl exit y of th e mathematical analys is ; for exa mple, the angula r sy mmetry assum ed in lh e deri va ti on of eq ( 1) would not genera ll y exist. Rather th a n neg lcct such irregulariti cs altogether , we may explore th eir effec t b y co nsid erin g a rectan gul a r fun ction of finite width for th e surface temper ature
= 0, h<z < I, where, in general , g =1= 1-It; thal is, th e step is n ot centered at the midplan e. Aftcr performing th e intcgration in eq (1) The tables show certain fea tures which ca n be expected as general results of local irregulariti es in the tempe rature along the heater. The gr adients due to an irregul arity modify the gradi ents otherwi se prese nt to an extent that depend s upon the width a nd the height or de pth of the irregularity. Th e radi al grad ient alon g a radiu s leading to a hot sp ot is inc reased. Th e r adial g radi ent e lsewhere includ es a co mponent du e to th e hot spot that may be negative along the entire radius or positive near the axis and negative near the heater; the latter characteristic is illustrated by the data in the tables for zll = 0.25 and 0.35. Longitudinal gradients are also modified. The tables show a slight asymmetry in the gradients above and below the plane of the irregularity as a result of the temperature asymmetry along the heater. 
Solution for Uniform Heating Along the Full Length of the Heater
In the problems considered thus far, we have prescribed the surface temperature variation along the cylindrical heater. We now prescribe a particular power dissipation along it. Consider a special form of a general problem treated by Laubitz [5] . A composite cylinder of length I and radius c, shown in figure 1 , contains a coaxial cylindrical heater of the same length, negligible thickness, and radius a, whose power dissipation per unit length Q is independent of time and position; the thermal conductivity is kl for 0 .<:::::: r < a and k2 for a < r < c, and the boundary conditions are v(c,z) = v (r,l) = v(r,O) = O. The distinction between the conductivities, which are assumed to be independent of temperature and pressure, arises 1 because the temperature along the heater is not prescribed. The boundary conditions express the physical fact that the apparatus surrounding the furnace acts as a heat sink .
For the region inside the heater, 0'<:::::: r < a, 0 < z < I, the temperature potential is 2Ql 00 1
where • 10 Cn7rr/l) sin 2 Cn7r/ 2) sin Cn7rz/ I).
The temperature potential inside the heater of a furnace for which 1= 4c = 8a is shown in tables 7 through 9 for kdk2 = 0.1, 1, and 10. As in the earlier tables, the potential is scaled to a maximum value of unity . Three observations may be made regarding the tables . Near the midplane the temperature along the heater is quite uniform for k d k2 < 1 and becomes more nearly parabolic as kdk2 increases. To be more specific, for ri a = 1.0 the potential at zll = 0.40 is 0.2 percent less than that at zit = 0.50 for kdk2 = 0.1, 2.8 percent less for kd kz = 10, and 4 percent less for the parabolic surface temperature of table 1. In practice an experimental sample is commonly located in the vicinity of the axis and the midplane -for example, within the cylindrical volume bounded by zll = 0.40 and 0.60 and ri a = 0.6. Within this volume the maximum potential difference is 0.5 percent of the reference value of unity for kdk2 = 0.1, 3.8 percent for kl / k2 = 10, and 5.1 percent for the parabolic surface temperature of table 1. For constant Q and k z an increase in kl causes a decrease in the temperature for r < a.
This result follows directly from eq (9) and is related physically to the greater flux of heat to the anvils. It is not apparent in the tables because of the scaling. 
Comments
Althou gh th e results sh own in th e tables are based upon several s implifyin g assumptions, we believe that they are suffi ciently general to be helpful in the desig n of highpressure furnaces and in th e esti mation of temperature gradients. By superposition of these res ults the results of more complicated problems ma y be obtain ed. This is the reason for th e inclusion of the problem in whi ch tempera· ture irregul a rities along th e heater are approximated by the assumption that th e surface temperature is a rectangula r fun cti on of finite width .
Reported furna ce desig ns have not always illu strated an optimum ch oice of environm ental materials so far as the thermal co nductivities a re con cern ed. Th e tables show that th e temperature gradients in th e sample r egion are signifi cantl y affected by the r elative therm al conductivity of neighborin g components as well as by the temperature variation al ong th e heater. In ma ny cases temperature irregulariti es along the hea ter ma y impose a lower limit to the ma gnitud e of the temperature gradi ents in the sample region.
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